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Abstract 



We construct the generalized Darboux transformation with arbitrary functions in time t for the AKNS 
equation with self-consistent sources (AKNSESCS) which, in contrast with the Darboux transformation for the 
AKNS equation, provides a non-auto-Backlund transformation between two AKNSESCSs with different degrees 
of sources. The formula for N-times repeated generalized Darboux transformation is proposed. By reduction the 
generalized Darboux transformation with arbitrary functions in time t for the Nonlinear Schrodinger equation 
' with self-consistent sources (NLSESCS) is obtained and enables us to find the dark soliton, bright soliton and 

pH . positon solutions for NLS^ESCS and NLS^ESCS. The properties of these solution are analyzed. 

• 1— I ' 
^ '. 

PACS numbers: 02.30.1k, 05.45.yv 

1 Introduction 

The nonlinear Schrodinger equation with self-consistent sources (NLSESCS) describes the Soliton propagation 
xj in a medium with both resonant and nonresonant nonhnearities [1-4], and it also describes the nonhnear interaction 
of high-frequency electrostatic wave with ion acoustic waves in plasma [S]. Some soliton solution for the NLSESCS 
. 2 . was obtained by inverse scattering transformation in ^ . Since the explicit time part of the Lax representation of 
I the NLSESCS was not found, the method to solve the NLSESCS by inverse scattering transformation in P was 
' quite complicated. 

Due to the important role played by the soliton equations with self-consistent sources (SESCSs) in many fields of 
physics, such as hydrodynamics, sohd state physics, plasma physics, SESCSs have attracted some attention [6-16]. 
In recent years we have presented method to find the explicit time part of the Lax representation for SESCSs and 
to construct generalized binary Darboux transformations with arbitrary functions in time t for SESCSs which, in 
contrast with the Darboux transformation for soliton equations |17lll8j . offer a non-auto-Backlund transformation 
between two SESCSs with different degrees of sources and can be used to obtain N-soliton, positon and negaton 
solutions [19-21]. 

The positon solution for many soliton equations and their physical application have been widely studied, for 
example, the positon solutions for KdV and mKdV equations were investigated in |221 for the nonlinear 
Schrodinger equation in |25| . for the sine-Gordon equation in |26) . However positon solutions for SESCSs except 
for KdV equation with self-consistent sources in [19,20] have not been studied. 

In this paper, we develop the method presented in [19,20] to study the NLSESCS. First we construct the 
generalized Darboux transformation with arbitrary functions in time t for the AKNS equation with self-consistent 
sources (AKNSESCS) which offers a non-auto-Backlund transformation between two AKNSESCSs with different 
degrees of sources. Then by reduction we obtained the generalized Darboux transformation with arbitrary functions 
in time t for the NLSESCS which also provides a non-auto-Backlund transformation between two NLSESCSs with 
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different degrees of sources. Some interesting solutions of NLSESCS such as dark soliton, bright sohton and positon 
solutions for NLS+ESCS and NLS~ESCS are found. The properties of these solution are analyzed. 

2 Binary Darboux transformations for the AKNS equation with self- 
consistent sources 

The AKNSESCS is defined as [15,16] 

n n 

qt^~i{q...~2q\) + Y,{^f^)\ r, = z(r,, - 2gr2) + ^(^f (2.1a) 

fj.x ^ i f ) V'j, j = '^,---,n, (2.1b) 

where A/s are n distinct complex constants, ipj = f'^pY' (hereafter, we use superscripts (1) and (2) to denote 

the first and second element of a two dimensional vector respectively). 
The Lax pair for Eqs. H2.1|l is given by [15,16] 

= ;77A, U ■.= U{\q,r)=\ l], (2.2a) 



r 



A 



V't :=!/ + V^M, (2.2b) 

where 

2.1 Binary Darboux transformation with an arbitrary constant 

It is known [16] that based on the Darboux transformation for the AKNS equation [22], the AKNSESCS admits 
two elementary Darboux transformations 71^2 '■ (9: ¥^1, ■ • ■ , ^n) ^iq,T^, ^i, ■ ■ ■ j <?n)- Given two arbitrary complex 
numbers /i and v, ^ ^ v, let / = /(/i) and g ~ g[u) be two solutions of (|2.2I) with A = and \ = u respectively, 
and define 

7 Ti T Tnn / A-M + 9/('V(2/«) -9/2 \ 

g = -g./2-^g + qV('V(2/W), r = 2/(2)//a), ~ j = l,---,n; 

V Aj - M 

V^^T^V', r2=r2(A,g)=(^^^^ A-.-r5W/(25(^)) j' 

g = -25«/.9'2), f=rj2-.r-rV^)/(25("), ^ T,{X g)^, ^ j = l,---,n 
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Theorem 2.1 The linear system Y^.'i^) is covariant with respect to (w.r.t) the two Darhoux transformations 7^, 7^, 
i.e., the new variables ^, q, r and ipj satisfy 

4'^ = Ui), U^UiX,q,7), (2.3a) 



V,,=i?(")^:= l/(«)(A,g,?) + f]fM ^. (2.3b) 

We now construct a new Darboux transformation based on 7i and T2. Our method is similar to that for the 
KdV equation with self-consistent sources i20i. Define 



whereW^(/,5) is the Wronskian !¥(/, 5) := f'^^^g'^^^-f'-^^g'-^l We assume that we have obtained ('0, Q^Tjipi, - ■ ■ , ipn) 
satisfying 12.3|l by applying Ti [/] to {4>, q,r,ipi, - ■ ■ , (pn). Then we derive two linearly independent solutions of H2.3|l 
with X = fi and in terms of / only. 

First solution. Let /i — fi{fi) ba a solution of 1)2. 2|l with X = fi, and W{f,fi) 7^ (i.e., / and /i are linearly 
independent). Then applying Ti[f] to /i gives a solution of H2.3|l with X = ji: 

Since W{f, fi) is independent of both x and t, we assume W{f, fi) = 1. Thus, we obtain the first solution of (|2.3|) : 
1 ( -(t\ 



fi = 



2/(1 



Second solution. Note that ipi{X) /(A)/(A — /i) is a solution of H2.2)l . Applying Ti[f] to ipi gives a solution of 
(123: 



0i(A) = ri(A,/)^i = 



/(1)(A) \ , W{f{fi),f{X)) ( -q 



y 2/(i)(m)(A-a*) \^ 2 
Taking the limit, we find a second solution of H2.3|l with A = /i: 



/:= hm Vi(A) 







7) 









Let C be an arbitrary constant, then the linear combination of the above solutions 



-q 



; \^ 2 y 

is also a solution of (|2.3(l with X ~ fi. Apply 72 [/i] to (V'/(A — /i), 9, r, (^1, • • • , ^n), i.e., define 

V^=T2(A,M-^=V-77-4t7T^(/'V'), (2.4a) 
A-/i C + cr(/,/) 

T2iXj,h)lpj f 
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then the new variables ip, q, r, ipj satisfy 

fx = Uip, (2.5a) 

= ^("^V'- (2.5b) 
where U = U{X, q,?) and ^ V{\, q,?) + Y.%i H{^j)/{\ - Xj). 

Proposition 2.1 Let f be a solution of with A = /i, and C be an arbitrary constant, then ip, q, r and Lpj 

given by {2.4)) present a binary Darboux transformation with an arbitrary constant for \2.^) . and {q,r, Ipi, ■ ■ ■ , (^„) 
is a new solution of \2.1]) . Moreover, we have 

q?^qr-dl\og[C + aU,f)]. 

2.2 Binary Darboux transformation with an arbitrary function of t 

Substituting (|2.4a|) into the left side of Eq. (|2.5b() . we have a polynomial of [C + a{f, f )]^^- 



? ^ 



, ft ,r M m{fu4^) + W{f,r^t)] 

^* C + a{f,f) ^^'^^ 2(M-A)[C + a(/,/)] 
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, fcT{f,i^)[W{fuf,) + W{fJt,^)] ^ 

+ 2[C + .(/,/)P + -(/'/)] ' 

where L_, 's are two-dimensional vector functions defined by the last equality. We can expect that substituting H2.4|l 
into the right side of (|2.5b|l will also give a polynomial of [C + a{f, /)]~^, but it will be more complicated. So we 
just write it as 

3 

^(")^^=^i?,[C + a(/,/)]-^ 

3=0 

where i?j's are also two-dimensional vector functions dependent on "0, q, r, ipj and / and their derivatives w.r.t. 
X. Since (|2.5b|) holds for any constant C, we have the following lemma. 



Lemma 2.1 Assume that ijj, q, r and ipj satisfy {2.2\) . and let f be a solution of 1^2. 2I\) with X = fi, then we have 

L,^R„ J =0,1, 2, i?3 = 0, 
for all X and t. 

We now replace the constant C with an arbitrary function of t, say c{t). Since there is no derivatives w.r.t. t 
in the expression of if we replace C with c{t) in the definition of 12. 4|) . we will have 

3 

i?(")V^=^i?,[c(t)-|-a(/,/)]-^ 

3=0 

But we will not have ifjt = Y^^=o -^ji'^i^) + "^(/i /)] under this replacement. However, this replacement will lead 
to a non-auto-Backlund transformation. 

Proposition 2.2 Let f be a solution of 1^2.2^) with A — A^+i, and c(t) be an arbitrary function oft. If we define 
c[t)+a{f,f) 
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q = q 



c{t) + aifjy 



c{t)+a{fjy 



(2.6b) 



and 



LP J = LP J 



f 



c{t)+a{fj) 



then the new variables ip,q,f,(pi,--- , (pn+i satisfy a new system 
^P^^U^, U = U{X,q,f), 



(2.6c) 



(2.6d) 



(2.7a) 



n+l 



= V^(A,q,f) + ^ 



mo) 



(2.7b) 



and (q, r, (pi, • • • , (pn+i) « solution of 1^2.1}) with n replaced by n + I. Moreover, we have 

qf = qr-dl\og[c{t) + aifJ)]. 

Proof. Since no derivatives w.r.t. t appear in Eq. (|2.7a|) . it is covariant w.r.t. the transformation defined by (|2.6|) . 
Substitution of (|2.6a|) into the left side of Ij2.7b|l gives 



d_ 

di 



/ 



c{t)+a{f,f) 



<j{fA) 



ft 



c{t)+a{f,f) 



<y{fA) 



f[W{fui,) + W{f,i^t)] , fa{f,i,)[2c{1^ + W{fuf^) + W{f,ft,^)] 



2(/i-A)[c(i) + a(/,/)] 



2[c{t)+a{f,fW 



c{t)f<y{L^) 



= Y,L,[c(t)+a(fJ)] 

3=0 



[c{t) + a{f,fW 



2(A — A„+i) 
This completes the proof. 

Example of solution. We start from the Eqs. H2.1|) with n = 0, and the initial solution g = r = 0. Choose 
a solution of with n = 0, q = r = Oasf^ ^^-Xix-2ix1t ^ ^Xix+2iX^^t^T ^ ^^len by Proposition!^ we obtain a 
solution of (|2.1|l with n = 1: 



q = 



X + iiXit + c{t) ' 



X + AiXit + c{t) '' 



^ — Xix — 2iX'ft 



x + 4iXit + c{t) \ e^i^+2iAit 



where c{t) is an arbitrary function. 

Remark. The binary Darboux transformation (|2.6|) . in fact, provides a non-auto-Backlund transformation 
between the AKNS equation with sources of different degrees of freedom. Since a function c(t) is involved, we 
call it a binary Darboux transformation with an arbitrary function of t. This transformation is dependent on two 
elements, c{t) and /, so we just write them together as a pair {c, /}. 
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2.3 Multi-times repeated binary Darboux transformation with arbitrary functions 

It is evident that the binary Darboux transformation with an arbitrary function can be apphed N times, and 
we will obtain the A^-times repeated binary Darboux transformtion with N arbitrary functions. Let /i, /2, ■ • • , be 
a series of solutions of H2.2|l with A = Ai, A2, • • • , and let ci, C2, • • • , be a series of arbitrary functions of t. Let ip[N], 
q[N], r[N], ipj[N] and fj[N] denote the iV-times Darboux transformed variables. 

We define some symmetric forms. Let Cj and gj, j — 1,2, ■ ■ ■ be a series of scaler and two-dimensional vectors, 
M be a scaler, h he a two-dimensional vector, and <j{gi,gj) and a{gi,h) are defined. For N — 1,2, - • •, we define 
five forms VFo, W^'^ and W^2*\ i — 1,2, which are symmetric for the N pairs {cj,gj}, as follows: 



Wo{{ci,gi}, ■ ■ ■ ,{cAr,5jv}) = del A, 
W^i*''({ci,5i}, • • • ,{cN,9N}]h) =det 



W2\{ci,gi}, - ■ ■ ,{cN,gN}]u) =det 



A b 

h'''\]quadi ^ 1,2, 



A 

a-(») 



u, i ~ 1, 2, 



where 



A = iS^jC^ + a{gt,gj))NxN, b= {a{gi,h), . . . ,a{gN ,h) f , a^*) = (gf \ . . . , g^^). 
For convenience, we define 

Wi{{ci,gi},--- ,{cN,gNhh)= \ ,2),( T ( T ,N 

V W^i ({ci,5i},-- - ,{cN,gN};h) I 



Lemma 2.2 Let Fi[j] = {q, fi[j]}, i,j = 1, 2, . . then for l,k = 1,2, .. we have 

W^{Fi[l-l],...,Fi+k\l-l]) 



Wa{Fi+^[l],...,Fi+k[l]) = 



W,{Fi+^[l],...,Fi+k[l]m])^ 



Wfi{Fi[l~l\) 



W^{Fi[l-l],...,Fi+u[l-l\M-A) 
Wo{Fi[l-l]) 



(2.8a) 
(2.8b) 



w!^'\Fi+,[l],...,Fi+k[l]\q[l]) = 



wi^\Fi[l-l],...,Fi+k[l-l]-q[l^l]) 
Wq{Fi[1~1]) 



(2.8c) 



w!,^\Fi+^[l],...,Fi+kWr[ 



wi^\Fi[l-l],...,Fi+u[l~l];r[l~l]) 



Vt^o(^^;[^"l]) 

Proof. Let ~ 5ijCi+i + a{fi+i[l — l],fi+j[l — 1]), i,j — 1,2, . . .. Direct calculation yields 

SijCi+i + C7{fi+i[l], fi+j[l]) = Gij - atoaQQUo-j = dij, z, j = 1, 2, 

Note that 



f ooo aoi 
Oio ail 



aik 



( 1 




-Oqo Ooi 

1 



-Oqq OqA: 





1 



/ floo 
aio Oil 



\ flfeo Ofei • • • flfefc / \ 
Taking determinant for both sides, we have 

W^{Fi{l - 1], . . . - 1])) = W^{Fi\l - l])W^o(i^i+iW, • • • 



\ 

Ofefc / 



(2.8d) 



which is just the eq. H2.8a|l . Similarly, we can prove (|2.8b|l . (|2.8c|l and Ij2.8d|l . 
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Proposition 2.3 For = 1, 2, 3, . . . , we have 
1 

A 



m] = ^Wii{ciJi},...,{cNjN};^), (2.9a) 



q[N] = Ivi^f ) ({ci, /i}, . . . , {cw, /^}; (z), (2.9b) 
r[N] liyf )({ci, /i}, . . . , {cN, In}; r), (2.9c) 
^^.[iV] = lw^i({ci,/i},...,{c^,/^,};^,), j = (2.9d) 



^„+,[iV] = ^W^i({ci,/i},...,{cAr,/jv};/,), j = l,...,iV, (2.9e) 

and 

g[7V]r[iV] = gr - a| log A (2.9f) 

where A = M^o({ci, /i}, ■ ■ • , {cat, /at}). 

Proof. By the definition of tp[N] and Lemma [2. 21 we liave 

Wi{{cN, fN[N - 1]}; m - 1]) _ Wi{{cn^iJn-i[N - 2]}, {cn, /nIN - 2]}; V'fiV - 2]) 



Woi{cNjN[N - 1]}) WQi{cN-ljN-l[N - 2]}) 

W'o({cw-i, /iV-i[A^ - 2]}) W,{{ci,h}, . . . , {cjv, /n}; ^) 



Wo{{cN-i,fN-i[N ~2]},{cN,fN[N ^2]}) Wo{{ciJi},...,{cnJn}) ' 

whicii gives rise to the eq. H2.9a|l . Similarly, we can prove (|2.9bp . (|2.9c|l . (|2.9d|l and (j2.9e|l . 

3 Binary Darboux transformations for the NLS equations with self- 
consistent sources 

It is well known that from the ordinary AKNS equation 

qt ^ -i{qxx -2q'^r), rt ^ iir^x - 2qr^). (3.1) 

if we set r = eq*, e = ±1, then Eqs. (|3.1|l are reduced to the ordinary NLS eqution 

gt =^(2e|g|2g-g,,). (3.2) 

We call the equation with e = +1 the NLS"*" equation and the equation with e = — 1 the NLS^ equation. 

Similarly, we can reduce the AKNSESCS into the NLS^ equations with self-consistent sources (NLS^ESCS), 
but the reductions are more complicated since the sources need to be reduced as well. First, we define two linear 
maps S+ and S- by 

: [ j - [ j . (3.3) 

For the reduced AKNS spectral problem, i.e., the NLS+ spectral problem: 

xPx^U{\q,q*)^P (3.4) 
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and the NLS spectral problem: 

= U{X,q,-q*)'il;, 
we have the following lemma. 



(3.5) 



Lemma 3.1 (1) If f is a solution of {3.4)) with A = Ai, then S+f is a solution of {3.4\ ) with A = —A*; there exists 
a solution f of {3.4}) with A = Ai satisfying f^^^ — /(i)* if and only if Re Ai = 0. (2) If f is a solution of {3.,5p with 
A — Xi, then S-f is a solution of 1^3.5}) with A = —A*; there exists no solution f of {3.5}) satisfying /'^' — /f^)* if 



The NLSESCS are reduced from the AKNSESCS defined by 

'f3,x = U {Xj , q, r)tfj , (p'^ = U (A' , q, r)ip'. , j = f , . . . , m, 



(3.6a) 



(t^j.x ^U{Q,q,r)(l).j, j = f,...,n, 



(3.6b) 



m n 

q, = -^iq^^ _ 2gV) + ^ [(^f ^ )2 + (^f^)'] +J2{<pf^?, 



(3.6c) 



rt = I 



m 

(r..-2qr2)+^[(^f )2 + (^;. 



(2)n2 



i=i 



where Ai, . . . , A„, X'^, . . . , A'^, ^i, . . . , are 2n + m distinct constants. The corresponding Lax pair is 



'iP^^U{X,q,r)'il;, = V{X,q,r)'iP + J2 

(1) Reductions to the NLS+ESCS 
Let 

r = q*, X'j = -X* (p'j=±S+Lpj, j = l, 



X-Xj X-X'j 



7 = 1 'J 



(3.6d) 



(3.7) 



,771, 



(3.8a) 



,(2)* ,(1) _ . , 



Re Cj =0, <py ^<py =Wj, j = i,...,n, 
then Eqs. are reduced to the NLS+ESCS 

Vj,x = U{Xj,q,q*)ipj, j = f, . . . ,TO, 



(3.8b) 



(3.9a) 



Oj,x = CjWj + qw*, ( Re Cj =0), j = 1, . . . , n. 



(3.9b) 



qt = « 



m n 

K2kpg - fc) + E [(^r)' + + E 



And the system ()3.7|l is reduced to the Lax pair for the NLS+ESCS 



^P, = UiX,q,q*)4', ^Jt^V{X,q,q*)^P + J2 



A - A,- A + A* 



^ + 2^ — ^ — T- — ^• 



A-g 



(3.9c) 



(3.f0) 



8 



(2) Reductions to the NLS ESCS 

Take n = in and let 

r^-q*, = -A* ip'j = ±iS-ipj, j = l,...,m, 
then Eqs. (pT^ with n = are reduced to the NLS^ESCS 
(P3,x = U{Xj,q,~q*)(pj, j = l,...,m, 



(3.11) 



(3.12a) 



q,=^i-2\q\^-q^^)+J2[{^f^r-{^f^r 
Correspondingly, the system H3.7|l with n = is reduced to the Lax pair for the NLS^SCS 



(3.12b) 



^, = U{X,q,-q*)^, ^t=V{\q,-q*)^ + Yl 



A - A. 



A + A* 



4^. 



(3.13) 



We now reduce the Darboux transformations for the AKNSESCS to the NLSESCS. It is easy to verify the 
following statements. 

Lemma 3.2 (1) Let f and g be two solutions of the NLS^ spectral problem — U{X,q,q*)4' with X — /.i,!/ 
respectively, and let C be a complex constant w.r.t. x, then we have 

<^if, S+g)* = (7(3+ f, g), (j{S+f, S+g)* = a{f, g), 

a{f, S+fY = a{S+f, /), a{S+f, S+f)* = a{f, /); 
Wo{{C, /}, {C*,S+f}r = Wo{{C, /}, {C*, S+f}), 
Wi{{C, /}, {C*,S+f}; S+g)* = S+Wi{{C, /}, {C*, S+f}; g), 
W^'\{C, /}, {C*,S+f}; 0)* = W^'\{C, /}, {C*, S+f}; 0); 
Moreover, if g satisfies g^"^^ — g^^^ (=> Re = 0), then 

W^P^ ({C, /}, {C*,S+f}; g)* = w[''^ {{C, /}, {C\S+f}; g). 

(2) Let f and g be two solutions of the NLS^ spectral problem ip^ = U{X, q, —q*)^p with X = fj,,!^ respectively, and 
let C is a complex constant w.r.t. x, then we have 

<j{f, S-g)* = <j{S-f, g), a{S-f, S^g)* = -a{f, g), 

<j{f, S-f)* = a(5_/, /), a(5_/, S^f)* = -a{f, /), 
Wo{{C, /}, {-C*, S.f})* = Wo{{C, /}, {~C*, S-f}), 
Wi{{C, /}, {-C*, S+f}; S.g)* = S^W^iiC, /}, {-C*,S^f}; g), 
W!2^\{C, /}, {-C\S-f}; 0)* = ~W!,^\{C, /}, {-C\ S-f}; 0). 

Using this lemma, we can reduce binary Darboux transformations for the AKNSESCS to binary Darboux 
transformations for the NLSESCS. 

(1) Darboux transformations for the NLS+ESCS 

The binary Darboux transformation (|2.t)|l for the AKNSSCS is reduced to a binary Darboux transformation 
with an arbitrary function for the NLS+ESCS as follows: 
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Proposition 3.1 Given a solution (q, ipi, . . . , ifj^, Wi, . . . , w„) of the NLS^ ESCS let c(t) be a real function 

satisfying c{t) > 0, and let f be a solution of the linear system with X ~ Cn+ij ^^Cn+i =^ and satisfy 

i^^i'- ,f fM f,i^), g = g- J' L (3.i4a) 

c{t)+<7{fj) c(t)+a{fj) 
f 

= - /.^ , (f fM f:fj)^ j = l,---,™, (3.14b) 

/(I) 

" " c{t)+a{f f) '^^-^' K' ^j*)^)' i = 1> • ■ • > (3.14c) 

Vmf^'^ ,,,,,, 

^"+1 " /,X , /f 3.14d) 

then the new variables ■0, g, i^i , . . . , (pm and wi , . . . , satisfy the system f3.10\) with n replaced by n + 1. Hence 

{q^Cpi, . . . ,(pn,wi, . . . , Wm+i) is a solution of the NLS'^ BSCS iV. with n replaced by n + 1. Moreover, we have 

\e^\q\'-dllog[c{t) + a{fJ)]. (3.15) 

The two times repeated binary Darboux transformation for the AKNSESCS can be reduced to a second binary 
Darboux transformation with an arbitrary function for the NLS+ESCS as follows: 

Proposition 3.2 Given a solution (q, </?i, . . . , </?„i, wi, . . . , w„) of the NLS^ BSCS let c{t) be an arbitrary 

complex function, and f be a solution of the linear system 1^3. 10\) with A = Xm+i, R-cAm+i 7^ 0. Let A = 
Wo{{c, f},{c*,S+f}), and define 

= A-iVl^i ({c, /}, {c\ S+f}- (3.16a) 



q = q + A-iM^i^' ({c, /}, {c\ S+f); 0), (3.16b) 
^,=^-^Wi[{c,f},{c\S+f}-v,), j = l,...,m (3.16c) 
w,=A-^W^\{c,f},{c\S+f}-{w„w*f), j = l,...,n, (3.16d) 

(^^+1 = V6(cA)-iW^i({c,/},{c*,5+/};/), (3.16e) 

then the new variables ip, q, (pi, . . . ,(prn+i and wi, . . . ,Wn satisfy the system \S.1(]\) with m replaced by m + 1. 
Hence {q, ipi, . . . , (pn+i, wi, . . . , Wm) is a solution of the NLS^ BSCS \S. with m replaced by m + 1. Moreover, we 
have 

= 191' -5^ log A. (3.17) 

If we repeat Darboux transformation H3.14|l for N times and Darboux transformation H3.16|l for M times, then 
we have a general multi-times repeated Darboux transformation with N + M arbitrary functions as follows: 
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Proposition 3.3 Given a solution (q, ipi, . . . , ip^, Wi, . . . , Wn) of the NLS^ ESCS \3.y\) . let fj be a solution of the 
linear system I^!^.1U\) with X — Cn+j, ^^Cn+j — 0, and satisfy fj^'' — ff'^* , j — 1, . . . , A^, and let gj be a solution 
of the linear system with X — X^+j, ReAm+j ^ 0, j — 1, . . . ,M. Let Cj{t) be an arbitrary real function 

satisfying Cj{t) > 0, j — I, . . . , N , and let dj{t) be an arbitrary complex function, j — I, . . . , M . Let Fj — {cj, fj}, 
Gj = {dj,gj}, G'j, = {dl,S+gj}, and A = Wo(Fi, . . .,Fn, Gi,G[, Gm, G'^j), and define 

^jj = A-^WiiFi, ...,Fn, Gi, G'l, . . . , Gm, G^^; V), (3.18a) 

q = q + A-'W^^\Fi, Fn,Gi,G[, Gm,G'm; 0), (3.18b) 

= A-^Wi{F^, ...,Fm, Gi, G;, . . . , Gm, G^,; V5,), j = 1, . . . ,m, (3.18c) 

^™+, = (c, A)-iTyi(Fi, . . . , Fjv, Gi, G'l, . . . , Gm, G'^; g,), j = 1, . . . , Af, (3.18d) 

iB, = A-^w[^\Fi, ...,Fn, Gi, G'l, . . . , Gm, G'm; [wj,w*f), j = 1, . . . , n, (3.18e) 



wn+-j - ^dj (d, A)-iW^i(Fi, . . . , Fjv, Gi, G'l, . . . , Gm, G^,; /,), j = 1, . . . , iV, (3.181) 

</ien the new variables tp, q, (pi, . . . ,(pm+M o,nd wi, . . . ,Wn+N satisfy the system yS.lU\) with m,n replaced by 
m + M, n + N, respectively. Hence (q,(pi, . . . , (pm+M, wi, . . . , Wn+N) is a solution of the NLS^ BSCS f3.9p with 
TO, n replaced by m + M, n + N . Moreover, we have 

\q\'^\q\'~dllogA. (3.19) 

(2) Darboux transformations for the NLS^ESCS 

The binary Darboux transformation for the AKNSESCS cannot be reduced to a Darboux transformation for the 
NLS~ESCS. But the two-times Darboux transformation for the AKNSESCS can be reduced to a binary Darboux 
transformation with an arbitrary function for the NLS^ESCS. 

Proposition 3.4 Given a solution {q, ipi, . . . , ip„i) of the NLS^ ESCS let f be a solution of the linear system 

with X = Xm+i, ReA„i+i ^ 0. Let c{t) be an arbitrary complex function, A — Wq{{c, f},{~c* ,S-f}), and 

define 

4> = A-^Wi{{c, /}, {-c*, S-f}- i>), (3.20a) 

q^q + A-iM^i^' ({c, /}, {-c*, S-f}- 0), (3.20b) 

^,^A-^Wi[{c,f},{~c\S-f}-v,), i = l,...,m (3.20c) 

^n+i^V~c[cA)-^Wi[{c,f},{-c\S.f}-f), (3.20d) 
then the new variables ip, q, (pi, ... , (pm+i satisfy the system iS.L'-i]) with m replaced by m + 1, Moreover, we have 
\q\' = \q\'+dl\ogA. (3.21) 
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Repeating the above Darboux transformation for N times gives rise to a general A'^-times repeated binary 
Darboux transformation with N arbitrary functions for the NLS^ESCS. 

Proposition 3.5 Given a solution {q^ipi, . . . , ipm) of the NLS^ equations with sources J^H.l^) . let fj be a solution 
of the linear system I^S.l'^} with A = Xm+j, Re \m+j ^ 0. j = 1, . . . , N . Let Cj{t) be an arbitrary complex function, 
F, = {c„ /,}, F; = {-€*, S-f,}, J = 1, . . . , TV, A = WoiF,,Fi, . . . , F^, F^), and define 

^ = A~^WiiFi,Fi, ...,Fn, F^; (3.22a) 



q + A-'W^'\Fi,Fi, ...,Fn, F^; 0), (3.22b) 



<fj ^A~'WiiFi,Fl...,FN,F^;ip,), j = l,...,m (3.22c) 



^rn+, = ic,A)-'Wi{FuFi, . . . , Fat, F^; /,), j = 1, . . . , iV (3.22d) 

then the new variables ip , q, (pi, . . . ,(pm+i satisfy the system j'j)) with m replaced by m + N , and hence 
(g, (^1, . . . , (pm+N) is a solution of the NLS^ BSCS l^tS.l^) with m replaced by m + N . Moreover, we have 

\q\' = \q\' + d'jogA. (3.23) 

4 Solutions of the NLS equations with sources 

This section is devoted to the obtaining some examples of the solutions of the NLSESCS by Darboux trans- 
formations and the analysis for these solutions. We use subscripts zn and zj to indicate the real part and the 
imaginary part of a complex number z. For Vz = \z\e^^ G C with 9 € (— 7r,7r], we define ^/z = ^J\z\e^^l'^ . 

4.1 Solutions of the NLS+ESCS 

We only consider the NLS+ESCS (123 with m = 0. We start from the NLS+ESCS (i.e., m = n = 0) 

qt = i{'2\qfq-q^^) (4.1) 
and its solution 

g^pe^'"'*, (4.2) 
where p G M+ is a constant. We need to solve the linear system 

V'. = f/(A, pe^^"'*, ^6-2^"'*)^, = ^(A, pe^^"'*, pe-2v^*)V. (4.3) 
The fundamental solution matrix for the linear system H4.4|l is 

where k = k(A) satisfies = A^ + . 
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4.1.1 Solutions of the NLS+ESCS with m = and n = 1. 

The NLS+ESCS with m = and n = 1 reads 



(4.5a) 



qt = «(2|(jp(7 - q^x) + wj. 



(4.5b) 



where £ 7^ is a real constant. Let / be a solution of the system (|4.3|l with X = i£ and satisfy Z*-^' = Z^^-**, and let 
c(t) be an arbitrary real function with c(<) > 0, then by Proposition a solution to the equation is given by 



pe 



2ip^t 



c{t)+aifjy 



Wi 



c{t)+a{fj)- 



Moreover, we have 



\q\^=p'~dl\og[c{t)+a{fJ)]. 



(4.6) 



(4.7) 



For the two cases: p > \£\ and p < \£\, formulas (|4.6|) will give two different classes of solutions respectively: dark 
one-soliton solution and one-positon solution. 

(1) Dark one-soliton solution and scattering property. 



We take p > \£\ and let ki = K{i£). We choose k = y^X^ + p"^, then k and vk±A are analytic at A = i£, and 
Ki — \J p^ — £'^ > 0. Taking into account that the equality p — \J \\J k + A holds near A = i£, we choose / as 

/ 



^K — \ I p 





^y^77j7^gK(2;+2iAt)-ip^t 



Then one finds that = /(i)*. Calculation yields 



2ki 



Let c(<:) = (2ki) ipg2Ki(at+b) vifith a G R+, 6 e R being constants, then formulas H4.6I) give a dark one-soliton 
solution 



pe 



2ip^t 



2, 2Ki(Ki-i£)e2«i(^-2^*)+2v'* l-e-4»«e2« 



p^g2Ki (at+6) _|_ g2Ki(, 



2:-2£t)^ 



=2{ 



-pe 



2ip''t 



(4.8a) 



„9..r„.^M , „...r.-..n - \ , ... (4.8b) 



g2Ki(at+6) _j_ g2Ki(2;-2£t) ]^ _j_ g2{ 



where 

1 £ 

^ = Ki [x — (2£ + a)t — 6] , 9 = — arcsin - . 

2 P 

By formula H4.7|l . one obtains 

M^=p^-a^log(l + e^«)=p2-^, (4 9) 

cosh ^ 

which shows that \q\'^ describes the propagation of a dark soliton on the constant background p. The soliton is 
localized around ^ = 0, so the location of the soliton is x{t) — {2£ + a)t + b. and the the soliton velocity is 2£ + a. 
If a = 0, then wi = 0, and q defined by 14.8|l becomes a dark one-soliton solution (27] of the NLS+ equation (|4.1() . 
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We fix a solution of the system H4.3|l as 



pe ' 



Then a solution of the NLS+ spectral problem 

t/ja, = U{X,q,q*)ip 
with q defined by (|4.8(l is given by 



(4.10) 



(4.11) 



ip-'t 



c{t)+aifj) [ {K + X)e-^P"' 



Vki + j^e-v'* j p(A-z<')(l + e2?) 



^/ki — i£ p 
y/ Kl + ii K + X 



{p^ + - KiK)e2« / p(ki - i£)e^P * 
p2(A~^7^)(rT^ i -(«: + A)(ki +i^)e-v=* 



^K(x+2iAt) 



(4.12) 



Based on formulas H4.8|l . we can analyze the asymptotic features of the dark onc-soliton solution. For fixed 
we have 



X —> — oo, 

pe*('^"4®)e2v'*[i + o(l)], x^+oo, 



(4.13) 



wi — > 0, a; ^ ±oo. (4-14) 

It is easy to see that q belongs to the class of potentials satisfying the finite density boundary condition [221 

g(x,i) =pe*"±(*)[l + o(l)], a; ^ ±oo, (4.15) 

where a±{t) are real functions and (3 = ^{a+{t) — a^{t)) is a real constant independent of t. We now define the 
scattering data for this class of potentials in a similar way in [23] . 

First, we define u = ge"'""^*-*, then u satisfies the standard finite density boundary condition 



j p[l + o(l)], X ~> -oo, 
"^^'^^ I pe2^'3[l + o(l)], x^+oo. 

Next, we define transmission and reflection coefficients for the NLS"*" spectral system 
For u = p, the system (|4.3|l has two linearly independent solutions 



(4.16) 



(4.17) 



ft+A I pKX 



-1 



1 ' v^r 



while for u = pe'^''^ , the system (|4.11() has two linearly independent solutions 

' -1 \ 



j Q(/3) ^ 



where Q(/3) = diag(e*'', e *''). We fix a Jost solution (f> of the system (|4.11() by imposing the asymptotic property 

-oo, (4.18) 



= e'^-[l + o(l)], X 
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while the transmission and reflection coeflicients a{X,t) and b{X,t) are determined by the asymptotic estimate 

' -1 \ 



= a(A,t)g(/3) 1^ '^1^ je^- + b{X,t)Qif3)\^ _^ Je 



X — > +00. 



(4.19) 



We can now calculate the scattering data for the dark one-soliton solution. In this case, we have u = qe~^P 
and (3 — 71/2 — 29. formula H4.12|l implies the the function -0 has the asymptotic behaviors 



(4.20) 



p2 + UX - KiK j p{ni - itje'P^^ 



We now take the Jost solution 

(/. = Q(Vt)('« + A)-^e-''''^V, 
then we have 

4> = ^^-J^^^-^Q('^/2 + 0(1)], X ^ +0O, 



which implies that 

, , , + — KiK 

a[X,t) : 



, 5(A,i)=0. 



(4.21) 



(4.22) 



(4.23) 



(4.24) 



ip{X~ii) 

The dark one-soliton solution is a reflectionless potential. 

(2) One-positon solution and super-reflectionless property 

We take p < \i\ and choose k — (sign A/) iy^—X'^ — p^, then k is analytic at A = «£, and K{i£) = iki, where 
ki = (sign£)-\/£2 — is a real constant. Choose a periodic solution of the system (|4.3II with A = z£ as 



/ = 







[•( 





J \=ie 



where 9 = fci(x - 2^t). One finds = /(i)*, and 

(/(i))2 = 2£(fci +^)[-fciricos2e + i(sin2e-pri)]e2v'*, 

cr(/, /) ^ 2£{ki +e)[x- 2{klr^ + l)t + p{2kit}-^ cos 26]. 

Choose c(<) = 2i!(fci -|-£)(a< + 6) with a G K+, & e M being constants, which implies that c{t) > 0. Then formulas 
(14.61) give a one-positon solution 



pe 



Wi 



2ip^t 



c{t)+a{fj) 



fci^^i cos 26 - i (sin 26 - pi'^) 
7 + p(2A:i^)-icos2e 



^2ip^t 



7-K (2A:i^)-Vcos26 



(4.26a) 



(4.26b) 
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where 



J ^ X + [a - 2{e + kli-^)]t + b. 
Formula (|4.7|l implies 

= p2 _ q2 i^g[^ ^ (2A;i£)- Vcos2e] = 



-2 + 2p£-i(/fci7Cos2e - sin 29) 
[7 + p(2A:i^)-icos2e]2 ' 



(4.27) 



When p = a = 0, we have ki — £ and wi = 0, and formulas 14.26|l degenerate to a solution of the NLS"*" equation 

63 



x-Ut + b' 

which was given in |25|. 

A solution of the NLS"*" spectral problem (|4.11() with the potential q defined by (|4.26|l is 



/ct(/,^o) 
cW+a(/,/) 



pe'P * 
(k + A)e-*^'* 



^K(a:+2iAt) 



(4.28) 



i(a;+2iAt) 



4£(A-i^)(fci +£)[7+ (2fci£)-Vcos2e] 



i(A:i + £)e*® + pe~^® k + A 



(4.29) 



Based on formulas 14.26|l and (|4.29|) . we can analyze the basic features of the one-positon solution. Formulas 
(|4.26() imply that for fixed t and x —> ±oo, we have the asymptotic estimate 



qe 



[kil-^ cos 28 - i(sin2e - pr^)]x-^[l + 0{x-^)], 



(4.30) 



wie-'P^' = v/^(Vl-fci^"^e*® - Wl + kil-^e-''^)x-^[l + 0{x-^)] (4.31) 

for all p £ M+. However, the asymptotic behavior of jgp for p = is different with that for p > 0. Actually, for 
p = 0, we have 

\q\'^x-'[l + 0{x-% 

while for p > 0, we have 

|gp = p^ + 2kipe-'^x-^ cos2e[l + 0{x-^)]. (4.32) 

Compared to the dark one-soliton solution, the one-positon solution converges to its background slowly. 

As a function of x, the potential q and the source wi share the same first-order pole x = xo(i), which is implicitly 
determined by the equation 

2kii[xo + {a-2£- 2kll~'^)t + &] = pcos(2A:ia;o - AkiH). 

The uniqueness of the solution xq can be easily proved. Let 70 (0 — xo{t) + {a — 2£ ~ 2k\£^^)t + 6, then 70 satisfies 

2fci^7o = pcos(2fci[7o - (a - 2kl£~^)t -h]). 

This equation implies that 70 (i) is a periodic function of t with period £7r/(2fc^). We define the velocity of a positon 
as the velocity of its pole. From this definition, the velocity of the positon is 

v{t) = v{t + T) ^ xo{t) = [2£ + 2kl£-^ - a + 7o(t)], 



16 




Figure 1: The onc-positon solution of the NLS+ESCS 14.51 with £ = 5. The data is p = 3, a = 2 and 6 = 1. The plots are taken at 
t = 0. The two upper graphs show the real and imaginary parts of q respectivly while the two lower graphs show the modulus of q and 
the real part of uii respectivly. 



where T = 7r/(2fcf ), and the average speed of the positon is 

r 

T 



i / v{t)dt = {2i + 2kfi-^ - a). 







In Figure 1, we plot a one-positon solution of the NLS+ESCS 1)4. 5|) . 

We now calculate the scattering data for the one-positon solution 1)4. 5|> . In this case, u = ge^*''^* and (3 = 0. 
Formula (|4.29() implies the asymptotic behavior of the function ip 

We take the Jost solution as 
then we have 

0^^«+^^e«^, x^±oo, a{X,t) = l, b{X,t) = 0. 

Potentials with reflection coefficient 6 = and transmission coefficient a = 1 are called superreflectionless or 
supertransparent potentials |23| . By this definition, the onc-positon solution is superreflectionless. 

In positons are deflned as long-range analogous of solitons and slowly decreasing, oscillating solutions of 
nonlinear integrable equations. If we stick to the property of slowly decreasing, the potential q defined by H4.26|l 
should not be called a one-positon solution unless p = 0. However, we see that other properties such as long-range 
analogous of a soliton, super-refiectionless property are still valid. Thus it is reasonable to extend the definition 
of positons as: long-range analogous of solitons, slowly converging, oscillating solutions of nonlinear integrable 
equations. According to this extended definition, the solution (|4.26() is a positon solution. 
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4.1.2 Solutions of the NLS+ equation with sources with m — and n — 2. 

The NLS+ equation with sources with rn = and n = 2 reads 
wi^x ^ iiiwi + qwl, W2,x = ii2W2 + qw2, 



(4.33a) 



qt = i{2\q\'^q - q^x) + wf + ■ 



(4.33b) 



where ii and £2 are two distinct real constants. For j = 1, 2, let fj be a solution of the system (|4.4(l with A — i£j 
and satisfy /j^"* — /j^"**, and let Cj(t) be an arbitrary function with Cj{t) > 0. Then by Proposition 13. 31 a solution 
of the Eqs. (|4.33|) is given by 



^ ^ (ci(0+a(/l,/l))(c2(i)+a(/2,/2))-^(/l,/2)2 



(4.34a) 



73^[(C2(^) + a(/2, /2))/}^^ - a(/i, /2)/: 
(ci(i) + a{hJi)){c2{t) + a(/2, /2)) - a(/i, /2)2 ' 



f(i)i 



wi = 



(4.34b) 



W2 



(ci(t) + a{hJi)Kc2{t) + a(/2, /2)) - a(/i, /2)2 ■ 
Moreover, we have 

- p2 _ g2 log[(ci(i) + a(/i, /i))(c2(t) + C7(/2, /2)) " fT(/i, /2)2]. 



(4.34c) 



(4.35) 



For simplicity, we assume \£i\ > |^2|- According to the three cases for p: (i) p > \£j\, j = 1, 2, (ii) p < \£j\, j = 1, 2, 
and (iii) \£i\ > p > 1^2 1, formulas (|4.34|) will give three classes of solutions respectively: dark two-soliton solution, 
two-positon solution and one-soliton-one-positon solution. 



(1) Dark two-soliton solution. 

For j = 1, 2, we take p > \£j\, and choose 



— Xj p 




J A= 



where k — y/ + p'^ and Kj = J p^ ^ ^j- ^'^^ 



iit) = 



_ P 2Ki(ait+bi) 



9j = arcsin-^-, j = l,2, 
z p 



where aj e M+, bj £ M are constants, then one finds 

<j{fjJ,)^^e'^^^^-''^'\ j = l,2, a(/i,/2)^ - . e 



psin(6>i - 02) ^^,^(x-2lit)+K2(x-2l2t) 

£i-£2 



Formulas H4.34|l yield a dark two-soliton solution 



^^S^e^^^^^ ^(l + e^^^) 



«2+»(p^t-e2) 



pe 



2ip^t 



A 



2k 



^(1 



fi-«2 



2«l 



psiii((^i-(^2) ^£i+£a 



^(1 



2k2 



(4.36a) 
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Wi 



ai pe 



ip-'t 



W2 



0-2 pe- 



ip-'t 



where = — [21 j + aj)t — fej], j — 1, 2, and 
A = 



2ki ' J 
psin(gi-g2) ^£i+£, _£_flJ_e2?2) 



(2) Two-positon solutions and positon-positon interaction 

For i = 1, 2, we take p < \£j\, and choose 



-1 



[pe'^^ - i{kj + ej)e-''^^]e'P^* \ 



where k = (sign A/) i\J —}? — p^, and 0^ = fcj(a; — 2^jt), fc^ = (sign£j)y^^ — Let 
Cj{t) = 2£j(fcj + l^)(a^t + 7j = a; + [a^- - 2{l^ + fc|£~i)]t + fe^, j = 1, 2, 

where aj e M+, 6j e M are constants. Then one finds 

W + /.) = 2£,(fc, + ^,)[7, + P(2fc/,)-^ cos 26,], j = 1,2, 



f^ai, /2) - P(l + ^^^-^) cos(ei + 62) - [p' - (fci + £i)(fc2 + h)\ 

«1 — t2 

Formulas H4.34|l give a two-positon sohition 



sin(9i - 62) 



2^pH , 2/}^'/i^^a(/i,/2) - 2£2(fc2 +^2)r2(/rO^ - 2h{k^ + h)V ' ) 

44^2(^1 +£l)(fc2+£2)rir2-fT(/i,/2)2 



(■(l)^2 



(1)^2 



Wi 



v/2aA(fci +^1) [2£2(fc2 +£2)r2/r^ -a(/i,/2)/2^'^] 

4(fci + £i)(fc2 + ^2)rir2 - /2)2 



■ii;2 



where 



V2a24(fc2 +4) [2£2(fci +£i)ri/i^^ -a(/i,/2)/r^] 

4(fci + 4)(fc2 + ^2)rir2 - /2)2 



= I3 + p{2kjlj)-^ cos2Qj, j = 1, 2. 

Assume that 2li + 2fcj£j"^ - «! 7^ 2^2 + 2fc|^^^ - 02- Fixing 71 and letting t 
obtain the asymptotic estimate 



q = pe 



lipH _ fci^i ^ cos 261 - ^(sin29l ~ pl^ ^) ^^^p^^^^^ nr^-i^l 
7i + (2A;i£i)-Vcos2ei ^ 



00 (which implies 



l-fci£j"^e*®i -iy/l + Zci^J"^ 
7i + (2Mi)"Vcos2ei 



-iei 



e'^-*[l + O(i-0], ii;2 = 0(t-^). 
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Conversely, if we fix 72 and let t — * cxd, then we obtain 



_ ^^2ipH _ ^2^2 ^ 008 262 - ii (sin 292 - ^) c2»p't[i + 0(^-1) 



9 = pe 



72 + (2^:2^2)- V cos 282 



(4.39a) 



Wi ^ 0{t ), W2 = \/ Y 



... - / "2 V V _eV-*[l + 0(<-i)]. 



72 + (2M2)~Vcos2e2 



(4.39b) 



Thus we have proved that the two-positon solution decays into two positons asymptotically as i ^ 00, and the 
the collision of the two positons are completely insensitive. Even the additional phase shifts in the collision of two 
dark solitons are absent here. 

(3) One-soliton-one-positon solution and soliton-positon interaction. 

We let p satisfy \£i\ < p < \i2\, and choose 



A- 



\/ K — X / p 



/- Ki(x-2^it) e ^ 



where 



K = + p"^, Ki = \l — ^1, ^1 ^ ^ arcsin — , 



and choose 



-1 



[pe^®2 - i{k2 + i2)e-''^^]e'P^^ 
[i{k2 + ^2)e'®^ + pe-^®2]e-v'* 



where 



K = (signlmA) i\/-X'^ - p^, 62 = fc2(x - 2^2<), = (sign^2) \/ ^1 - p' 



Let 



ci(t) = -^e2-i("i*+^i), 6 = - (2^1 + ai)t - 61], 



C2(i) = 24(^2 +^2)(a2i + 62), 72 = a; +[02-2(^2 + ^:^^2"^)]* + 62, 
where e M+, 6j e M, j = 1, 2, are constants. Then one finds 

ci(t) +a(/i,/i) = ^e2-^(''^*+''^)(l + e2«i), C2{t) + aif2j2) = 2£2(/=2 + ^2)[72 + (2M2)"Vcos2e2], 
<y{hJ2) = 7 [ik2 + 4) cos(0i - 62) - p sin(0i + 62)] . 

«2 — <-l 

Formulas H4.34|l give a one-soliton-one-positon solution 



P + 



2^e2«i-»«iylB - 2^2(^2 + £2)pe^'^^'-''^^^r2 - p(2ki)-1(1 + e^^^)A^ 
pKri^2(fc2 +4)(1 + e2«i)r2 - e2CiS2 



(4.40a) 



/p^[2£2(fc2 + ^2)Vpe^^-''^^r2 - e^Mg]e'p'* 
pKrV2(A;2 + l2){\ + e2«i)r2 - e2«iB2 



(4.40b) 



W2 



^2a2^2(fc2 + ^2) [p(2aci)-H1 + - ype^^^-'^^^^le'^ * 

pKl^£2{k2 + £2)(1 + e2«i)r2 - e2«iB2 



(4.40c) 
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where 



= 72 + p{2k2i2y^ cos 263, A = pe*®^ - i (fca + ^2)6"*®^ , 

B = -r^[{k2 + £2) cos(0i - 62) - psin(0i + 62)]. 

I2 — «i 

Formula H4.35(l implies that 

|<Z|2 =p'-dl \og[pnlH2{k2+i2){l + e2«0r2 - e2«iB2]. (4.41) 

It is easy to see that Kj^^^i — 72 = [2(^2 + ^2^2^"^ — — ai — a2]t — 61 — 62- Assume 2(^2 + ^2^2^"^ — — ai — 02 > 0. 
We now fix 72, and let t — > —00 (which implies ^1 —00), then we obtain the estimate 



— „„2ip 



pe 



2j /c2^2 ^ cos292 — «(sin262 — p£ ^) 2ip^ 



72 + (2/02^2)- V cos 282 



e^v t[i + 0(e-2|6l)]^ (4.42a) 



and 

|qp = - log[72 + p(2M2)"' COS 292] [1 + 0(e-2|«il)]. (4.42c) 
Let t — > +00, then we obtain the estimate (for simplicity, we only give the estimate for |gp) 
|q|2 =p^~dl log[72 +Si+ p{2k2e2)-' cos2(e2 + ^2)][1 + 0(e-'l«^l)], 

where 

. Ati c 1 • 2Kifc2(£l£2-p') 

'^1 "777 7T' ^2 = arcsm — Ty2~- 

If we fix 1^1 and let t — > ±00 (which implies 72 ±00), then we have the asymptotic estimate 



— „„2ip^t 



2, 1 + e 



pe 



1 + e2?i 



-e2«i+2v'*[l + 0(ri)], (4.43a) 



VoT^^i^^^^^^^ ^^^^ 
1 + e^^i 

Thus we have proved that the one-soliton-one-positon solution decays asymptotically into a dark soliton and a 
positon for large t. The dark soliton recovers completely after the collision with a positon, in other words, a 
positon is totally transparent to a dark soliton. However, the positon gains phase shifts when colliding with the 
dark soliton. 

In Figure 2, we plot the one-soliton-one-positon solution. 

4.1.3 Solutions of the NLS+ESCS with m = and n^N. 

The NLS+ESCS with 771 = and n = N reads 

Wj^x — "if-jWj + qw*, j = 1, . . . , N, (4.44a) 



qt = i{2\q\'^q ~ q^. 



N 



(4.44b) 
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Figure 2: The one-soliton-one-positon solution of the NLS+ESCS 14.331 with li = 1 and £2 = 2. The data is p = ^2 and 
ai = 02 = fei = ^2 = 1- The two graphs show the modulus of g at t = —15 (the left) and t = 15 (the right) respectively. 



where £j ^ 0, j — 1, . . . , N, are N distinct real constants. For j — 1, . . . , N, let fj be a solution of the system 
(lOI) with A = igj and satisfy /j^^ = /j^^*, and let Cj{t) be an arbitrary real function satisfying Cj{t) > 0. Then by 
Proposition 1^21 a solution of the equations (|4.44(l is given by 



Aq Ao 

where 

Ao = WoiiciJi}, . . . , {cN, In}), A2 = W^'\{ci, /i}, . . . , {cjv, /jv}; 0), 

Ay = W^f ^({ci, /i}, . . . , {cj_i, {cj+i, fj+i}, {cN, In}; fj)- 

Moreover, we have 



(4.45) 



(4.46) 



For simplicity, we assume \£i\ > ... > IIn]- Then according to the different choice of p, we can obtain different 
classes of solutions. 



(1) Multi-soliton solutions. 

We take p > \£j\, j = 1,. . . ,N, and choose 



2k 



\/k — A /p 



where k = i/A^ + p^, = Wp^ — aj £ M+ and 6j G M, then formulas (|4.45|) give the dark A^-soliton solution. 



(2) Multi-positon solutions. 

We take p < \£j\, j = 1, . . . , iV, and choose 



Cj{t) = 2£j{kj + £j){ajt + bj), fj = 



- X—i 



[pe^^' - i{kj + £j)e-'^^]e'P^* 



where k = (signlmA) A^ — p^, kj = {sign£j)^£^ — P^, o,j E M+ and bj e M, then formulas (|4.45|) give the 
Af-positon solution. 



(3) Multi-soliton-multi-positon solutions. 
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We let p satisfy \£mi I > P > |^7Vi+i, where 1 < Ni < N , and choose 







- A— i 



where k, = -\- and tij ^ y ~ ^i' 







K 


)l 



j = iVi + l,...,7V, 



where k = (signlmA) i^J—\^ — and kj = {sign ij)^£^ — p"^. Here a.j G M+ and bj e R for j — 1, . 
formulas l|4.45(l give the A^i-soliton-A^2-positon solution = — A^i). 

4.2 Solutions of the NLS-ESCS 

We start from the NLS~ equation without sources 

qt = -i{2\q\^q + q^^), 
and its solution 
q = 

We need to solve the linear system 

V'^ = U{\, pe~'^'P^\~pe^'P^')il}, i)t = F(A, pe-^v'*, -pe^^'*)^. 
The fundamental solution matrix for the linear system H4.49|) is 



where k = k(A) satisfies = — p^. 

4.2.1 Solutions of the NLS ESCS with n=l. 
The NLS-ESCS with n = 1 reads 



,7V. Then 



(4.47) 



(4.48) 



(4.49) 



(4.50) 



(4.51a) 



-*(2|gpg + fc) + (^W)2-(^f)*)2, 



(4.51b) 



where Ai — Xm + iXn is a complex constant with Xm > 0, Xu ^ 0. Let / be a solution of the system (|4.49|l with 
A = Ai, c(t) be an arbitrary complex function, then by Proposition l3.4l a solution of the equations (|4.51() is given 

by 



^0 



lc(t) I Ai- 



(1) 



Ao 



.(2) 



(4.52) 



where 



Ao = 



c(t)+cT(/,/) 

4Aiii 



4AiH 

-c(t)*-a(/,/)* 



2 n/i!lP±^ 
4Airt 
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(1) 



A 



A, = 



-c(i)*-a(/,/)* 

_J(2)* 

4AiR 
/(I) 



/(I) 

-c{tr-aifjr 

_j(2)* 



,(2) 



^c(t)*-a(/,/)* 

j(l)* 



/(2) 



/(I) 
_/(2)* 





Moreover, we have 

\q\^=p'+dl\ogAo 

Topological deformation of the bright one-soliton. 

We choose / as 



(4.53) 



/ 



A=A, 



where ki = k(Ai). Here, we choose k = k(A) — (signA/)-\/A^ — for $ defined by H4.5n|l . then k is analytic at 
A = Ai. Furthermore, under this choice of k, we have hnip^o n = X. Calculation yields 

a{fj) = + ^i) ^2Ki(x+2i\it) ^ |j(l)|2 ^ ^ ^^|2g2(KiHa;-2Aizt)^ |j(2) |2 ^ ^2 ^2i^inx-2\iit) _ 

2ki 

We choose c(<) = (2ki)~^(ki + Ai)e^(°*+^' , where a and 6 are two arbitrary complex numbers, then formulas H4.52|l 
give the topological deformation of bright one-soliton solution 



p^(Ki + Ai) ^-2tT) _ «i + Ai|^(ki+Ai) ^2m) , p(ki+Ai) / , |ki+AiP+p^ _ ]ki + Ai£x 2{ 
2ki 2k^ 2 ^ Air 



^^(e-2C + 2pcos2^ + p2e2«) + (^li±^ 



o2C 



-2v't^ (4.54a) 



' a(Ki + Ai) 



|ki + Ai 
2kT 



" / 4AiB 



^^±^(e-2« + 2pcos277 + p2e25) 



|«i+AiP+p'' 
4Ai« 



p25 



(4.54b) 



(2) 

'Pi 



, , . -p(k*+A*) I „„f— (Kt+>l)(l>tl+Ai|^+p^) 

HKl+Ai) 2k* ^-"^ ^"/^'^ -I 4AiH ^ 



4Ai 
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V '^i li^+A^(e-2? + 2pcos2ry + p2e2C) _ 

where 

^ = KiflX - (2Ai/ + aB)t -bii, rj^ kux + (2Ai_r - ai)t - bj. 
Formula (|4.53|) implies that 

|gp=p2+a^log [4A?^|^i+Aip(e-2« + 2pcos2r; + pV«) + |«:ip(|«,i+Aip+p2)V«]. 
When p — Q, we have ki = Ai and the solution given by 14.54|l corresponds to the bright one-soliton solution 



(4.54c) 



2Aifl e^'"" V2^A^ / e 



cosh 2^0 



cosh 2^0 



-(,0+iria 



where 



Co = XiRX - (2Ai/ + aR)t - bif + \og{\\i\/\/ Xir), rjo = Xu + {2Xir - ai)t - bi + arg Ai. 

The topological deformation of bright one-soliton solution for the NLS~ equation was already known. Here, we 
have given its correspondence for the NLS~ESCS. 

In Figure 3, we plot the topological deformation of bright one-soliton solution. 
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Figure 3: The topological deformation of bright one-soliton solution of the NLS~ESCS I4.51i with Ai = 2 + i. The data is p = \/6 
and ai = 02 = 61 = ^2 = 1- The two graphs show the modulus of q (the left) and the real part of <f>^^^ (the right) at t = 0. 

4.2.2 Solutions of the NLS ESCS with n = N. 

The NLS -BSCS with n^N reads 

iPj,x ^ U{Xj,q,-q*)Lpj, j^l,...,N, (4.55a) 



qt - ~t{2\q\^q + fe) + {^['^)' - (4.55b) 
where \j — Xjr + iXji are distinct complex constants with Aj^ > 0, Xji 0. For j = 1, . . . , TV, let 

, Kj = (signAj/)y^A2 - 

X=Xj 

then the topological deformation of bright A^-soliton solution of Eqs. ()4.55f) is given by 
where 

Ao = Wo{F,,Fi . . . , Fat, i^^), A2 = 1^^°^ (Fi , F^' , . . . , Fat, F^,; 0), 

A^'j = W^i^'^(Fi, F{, . . . , F,_i, F;_i, F;, F,-+i, F;+i, . . . , F^v, F^; /,), ; = 1, 2, J = 1, . . . , TV. 
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